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Linear regression
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Linear model = @Ty = [94 ]{-7&1
on = T

Y =0p 4+ 01X1 + O2Xo + - - - + O X,
In this equation,

f/ is the predicted value (for true y)
. n is the number of features, (y;pwto’?( Sa0ls

- X; is the i-th feature value
- 0 is the j-th model parameter
‘including the bias term 6, and the feature weights 61, 6, ..., 6,

—
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Linear regression

This can be written much more concisely using a vectorized form,

V=00 + 01X1 + O2Xo + - -+ + Op X (2)
=0'x 3)
= b > ode| — eutput
In this equation, A gr

@ is the model’s parameter vector, con%ing the bias term 6,

and the feature weights 6, to 6,

-@is the instance’s feature vector, containing x, to x, always

equal to 1 i
qual Thput 1 s
- 0 -xis the dot product of the vectors 6 and x, which is of course
equal to Ogxg + O1X1 + - - - + Onx,
JOR0 T AL T T n A
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Linear regression
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Figure 1: Linear regression: training dataset
Generating training dataset
y= 90 + 91X (4)

Y = 60y + 01X + e where e ~ N(0,0?%) (5) 3



Cost function

@ (>XCI) c:) [X(U/) Q) ) C)f((n) c'o))
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That’s the linear regression model - but how do wé train it?
AT

Recall that training a model means setting its parameters so that the
model best(fitythe training set.
TN~ TN

We first need a measure of(or poorly) the mode@he
training data. ZHN2 et < B, , B,

The most common performance measure of a regression model is
the Root Mean Square Error (RMSE).
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regression  Prodaman KHQGYS  measure, error

COS‘[’ meC/'hUV]
We need to find the value of 8 that minimizes the RMSE. In practice,
it is simpler to minimize the sum of squared error (SSE) than the MSE
or the RMSE.

1 m
= - E (i — @Tx()
arg min RMSE(X, 8) = argmin \l y 0'x ) (7)

i=1

1
= argmin MSE(X, ) = argmin -

Sum oF écym erer .,

(y(') gTX(f)>2 (8)

INgERS

i=1

= arg min SSE(X,0) = arg minz (y(’) %OTX(i))@ )
® Ao 50 T

%4.8)
14
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Design matrix (regressor matrix, model matrix, data matrix)

- &3 H|0|E{(sample, example)O| m7H{
———————— _
- feature vector x2| Xt2l0| n! l,

- m7i2| sample& row vector2 St design matrix X £ ZEA|

ol
M BE3
Y ]
e
y= . 0=
y(m)
(1)
1st sample x(1:T 1 X%z)
< | 2ndsample xT | Lox
m-th sample x(™-T | 1 Xg'm)
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sSe@ = [ly-9l; =||v-#s],



249, y = 0'x2| m7He| sampleoi| CHa CtS o 20| EHE = JUS

¥ = X6 (12)
- A - -
y 1 xgl) Xél) cooxiD 0o
7@ 1 x§2> xf) S x? 61
= . . . . : (13)
£m) Cm o (m) m || g
4 ] L1 X3 X5 e Xp n
[P0 ] [ — x0T
o) SEEN S
— : 0 (14)
fm) — x(miT
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65 = Arg.man SSE(®)
&

@) Normal equation < direct Slution
closed  Form-

T A2 ~
2302 Wk 23y
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Geometric approach

X[ 2=V =[I|IF]]  xe&

Design matrix X 2| zt ¥ 2t 1 5tH
——,

\[‘/— 0% 0.)’9,21’,’, 5?'“3@"'?;\%

0o
| L] | e

5,:2(‘9.: 1 x5 - X : (15)
S Y I

A~

=0l +01x; +Osx3 + - - - +Onxp (16)

§1 f’E X1,X2, " ,Xp Ol Angél-E hyperplaner i'e'r Span{17x17 to 7Xﬂ}
N\

oofl Exigt

. WV o=y =
Residual EE= error2| 37| |ly — yI| € =4S} ste{HMH? 22 513
hyperplaneD} errory — y 7+ M2 %=Xl (orthogonal)siofgt <j %;;‘?
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Geometric approach

Residual EE= error2| 37| |ly — ¥
hyperplaned} errory — 7t M2

Z|
=, B E col

=
=
X

T

A5 st ™H? 29

(orthogonal)sfiof&t
umn vectord|| CH oHA-l /—i\)/
)5(3\@[%;«—,,: X\ Bz, %n T( - )

E
of isfiof & A
A m7He| sampleod] CHEH A é.zl 2, n
y-$
XT(yy— X0) =

)=10 => XTXHK&)X (18)
iZ(XTX) 1XTy & hormal ewmtion. (19)

@= (4 &)ﬁﬂy <> gzargm‘hQQEC@)
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Geometric approach

\/;: W & Spont s
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Figure 2: Normal equation: geometric interpretation

Normal equation
é — (XTX)_IXTy 00)
Projection matrix

y = X6 = X(XX)"'XTy (21)
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Analytic approach

Sum of squared error (SSE)

SSE = Z(y“) —y)2 (22)
=1
=ly-3P=G-9)'-9 (23)
T N—

Usingy = X80

SSE(0) =y'y — 2y'X0 + (X0)'(X0) = y'y — 2y'X0 + 0'X'X0 (24)

OSSE6) _ 2(X'X0 — Xy) = 0 @ X'X6 = Xy (25)
00 W~

Hence, we have ;

6= X'X)"' Xy ormal ewﬂm (26)
¥y =X(X'X) X'y (27)
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Closed from solution

. . DC/\
10 NN SR
. .
oo N ;
8 * ‘3‘.{~:J .. $
> NP M
6 ot te L uret . m)
“w o 0 e, o .
4 o
L I

000 025 050 075 100 125 150 175 20

x1 26 = %T&(jl&‘r\}(

000 025 050 075 100 125 150 175 200
x1

12/21



Computational complexity

Normal equation2| 7| At
- Normal equation0i| 2|t 0| &X]| y
¥ = X(X'X)" X"y (28)
- X e RMxN
. )(T)( c RNxn

- (XTX)7L o] AHlA BEE = 0(n?4) ~ 0(n?)
- Feature =8| Sf M|XM|Z 2 Z A4t A|ZHO| BT}
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Gradient descent



Batch gradient descent

Linear regression model y = X6

J(68) = SSE(8) = |ly — X6)? )
)
0 (aToly _ (i
59,1(0) 233 XE') Eoixo —
d o _ _
20,00 257 x (07x() — y)
s 8921( AR R (31)
A0 1| o, (0 - y0)

Gradient descent step
0" = 6" —1Ve)(6") (32)

where iteration number t and @ arbitrary initial value
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Batch gradient descent

Batch gradient descentO| A{
0
—J(6) = 2X" (X6 — 33
5(0) = 2X(X6 ) (3)

0'x(1) — y(
0'x(2) —
:2[ <0 x@ ... xz(m)} _ (34)

O'x(M — y(m)
=2) x0 <9TX<:> _ yo)) (35)
i=1
J2{2Z 0| gradient vector2| jHHR| component=

9 1001 — 9N~ 0 (gTx() _ )
6791'1(49)_22&. (ex —y ) (36)
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Batch gradient descent
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Batch gradient descent: computational complexity

Batch gradient descent algorithm

- Of AE{OtCt batch MA|Of| CHEE AlAF ZH
- CJ|O|E{AlO| HKX|H £ 7} &l

- Normal equation: feature =0 [L}2} A|At =T X|FHO 2
L&

- Gradient descent: feature =7} 50{& 37| HoIX| &S
Learning rate

- Hyperparameter@l st&E(learning rate) n7t H P &2 42
AlZto| @ef Z2l

SR 2 HS ANAE ALY HE BK| R 4 US

-
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Learning schedule

- Constant learning rate
- 2 07, 00126 A|Z510{ 0f2] 7IX| 2{2 2 A|HSHEN HRE

&5 Lt

- Time-based decay
o (37)

T W kD
E =7|%k, k: hyperparameter, t: iteration

no: &

- Step decay

- Mol &l epochoict E&ES F0l= &Y

- 0f:5 epochI:IH:} HIOS 2, 20 epochOfCt 1/102

- Epoch: 23 HIO|E{AM MM E 2F AFEE M = 5t epoch
- Exponential decay
kt (38)

n=noe"

k: hyperparameter, t : iteration

SIS E =71,
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Stochastic gradient descent

For our linear regression model y = 8'x

()= 55E(0) =Y (y0 - 0x") =Y "s0) @9

i=1

3

9+l = 6t — 2 ((ef) Tx® y<f>) x® (40)

- 222 MENSH SF 02| sampled]| CHal A 2t gradientE H|AHSHO]
parameter& update

- sequential learning or online learning

- 2 Hlo|BAl g XMe|st=Hl fal

- MEfSHE A2l o] RAtelg o= 2xo| B A

- BGDO|| H|3H local optimumOi|A] &H| LIS 5= U2

- F| A 0| EESHX|OF X £EOoE

- BGD &} OtE7HX| 2 global optimumoO|2t= EZo] ¢

Ojo
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Mini-batch gradient descent

38

—=— Stochastic
361 —— Mini-batch
3.4{ —e— Batch
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2 CO|E{MS B2 T7|0| DAY B2 HBO2 Li-0fM gradient
% ?_3 L diH
— od

- 0]l 100,0007§ 2] Ef|0[E{ = (mini-batch size 100) x (1,000 mini-batches)
- Batch gradient descent2} stochastic gradient descent(SGD)2| M=

- SGDECH 2725t 2=|Qlo| L&t

- SGDEC} local minimumo| A B LI 7|7} AT oz o o2&

o
- GPUE S8 =i~ oIilo| 48 £ 4+ US
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Linear regression comparison

Table 4-1. Comparison of algorithms for Linear Regression

Algorithm Largem Out-of-core support Largen Hyperparams Scaling required Scikit-Learn

Normal Equation  Fast No Sow 0 No n/a

SVD Fast No Slow 0 No LinearRegression
Batch GD Slow No Fast 2 Yes SGDRegressor
Stochastic GD Fast Yes Fast =2 Yes SGDRegressor
Mini-batch D Fast Yes Fast >2 Yes SGDRegressor

There is almost no difference after training: all these algorithms
end up with very similar models and make predictions in exactly
the same way.
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